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A means is explained for determining the spectra of modulated pulse trains using

the spectral function method. By this method a spectrum of signals is determined with

a ChIM-2 frequency pulse modulation for a rectangular train of pulses.

By using the spectral function method , it is possible to determine the spectrum

of a modulated pulse oscillation as the reaction at the output of a linear quadripole

during the action on its input of the train of frequency modulated 6 pulses, the

reaction on each of which is equal to h(t).

Or, using the packet theorem

F(t) = h(t)*f6(t) . (I)

The function F(t) =. f(t - t k ) describes the modulated pulse train of the given

form, while

f6(t) = 6(t - t k) describes the train of modulated 6 pulses at the input of
k=k

the quadripole.

h(t) represents the pulse transient characteristic of the quadripole, the form of

whose spectral function depends solely on the form of the pulse.

The direct Fourier transform from (1)

F(w) = f6(w) . K()

where f6(u) is the spectral function of the input effect of the quadripole, while

K() is the transmission coefficient of the quadripole.

Consequently, in order to find the spectrum of the train of modulated pulses it is

necessary to find the spectrum of the train of modulated 6 pulses at the input of the

quadripole; to determine the transmission coefficient of the quadripole; to find the

spectrum of the output effect of the quadripole; and by using the packet theorem, to

find the pulse train spectrum.

As an example let us find the spectrum of the periodic train of square pulses,

frequency modulated as to sequence by a sinusoidal signal

a(t) = A0 . sin(2t + 0)

by the ChIM-2 method (determination of the modulation according to (2).

For the sake of simplicity let us take 40 = 0

0 If the periodic pulse train

F0 (t) = f0 (t - kT0 )
k.-



where To = 2r/w0  is frequency modulated as to sequence by the signal a(t) = A0 . sin t

by the ChIM-2 method, then it will be also modulated according to time position, at the

same time the deflection of the kth pulse is determined by the expression (2)

Atk = - At max * cos(kT0 + Atk),

At 0 =. . ..max WO 0 0

where b is the coefficient of proportionality; Aw is the maximum frequency deviation;

8 is the index of modulation.

The train of the modulated pulses is written as

F(t) = f(t-t) = f(t- kT0 -At k ) (2)
k- k=

or, passing to 6 pulses

F6(t) = 6 6(t - tk) = 6(t - kT - Atk)
k=- k=k

It is well known that with increase of the depth of pulse modulation the time interval

tk+I - tk decreases and may even be transformed into zero or become negative. At the

same time the order of the sequence of the pulses changes, since the k + I pulse will

appear earlier than the kth pulse. For this not to occur, it is shown in (3) that for

ChIM-2 it is necessary to have a value of the modulating function such that there is

one solution for each value k .

In the case of a sinusoidal modulating signal this is determined unambiguously,

ie tk+1 > tk , therefore the order of the sequence of the pulses is kept normal.

On the basis of what has been mentioned, we utilise the properties of the general-

ised functions for the transformation of expression (2).

It is well known from the theory of generalised functions (4), that if f(t) is an

infinitely differentiable function having an arbitrary number of simple roots, then

6If(t)] is determined by the formula

6[f(t)1 = k 6(t - tk)
If'(t) k

where the sumation is performed for all roots of equation f(t) = 0 .

For our case we have: f(t) = 0 when t - t - kT0 + Atk

.. . . . .. . I ll i . . . . . . k 0i l k I "



Assuming that there are no other zeros, we shall have:

(t- t )
- kT 0 - At) =0 If'(t)j

Since f'(t) = I - At' and, dropping the absolute value on condition that At' ,

we obtain

6(t - tk) = (0 - At') . 6(t - kT 0 - At) (3)

Substituting (3) in (2) we obtain an expression for the modulated periodic train of the

6 pulses:

F0 (t) = ( - At') 6(t - kT 0 - At) (4)

k=-

Denoting the non-modulated periodic train of the 6 pulses by

F 0 6(t) = 6(t - kT O)

k=-

we write (4) in the form

F6(t) = ( - At') . F6(t - At) 
(5)

The function F6(t - At) is periodic, since itE value does not change when replacing t

by t + 2n/w 0 , therefore it can be expanded into a Fourier series:

Mt At = I e imW 0(t-At)

F5(t - At) = T-Z e (6)

Substituting (6) in (5) we shall finally obtain

O (0 - At') e 
0

(7)

For a sinusoidal modulated signal At = - At . cos St and the expression (7), is
max

written in the following form:
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' ' im~iot tilL0

F(t) (I + slAt . sin Qt) e e At Cos Qt

max max

to- ma.. x eI i one) )e

n IZ (MW [i~ At +) n-I1  (MWAt + in+] x
T0n 0 max n-I 0 max

m- nn-

i + n )t 0 + n W0 + ne i(mw 0 +r)t

X I (MWL At *e =I) i1(mB) e
n+1 0 max ) 2r n m

MMO n=-

The Fourier transform from F6(t) , which is the spectral function of the input action, is

defined as

F6(w) = il (m8) ( + n - MW- n)n m0

m=-- n=-
moo

Taking the transmission coefficient of the quadripole

2E T0Kw) = -,7 sinu 2

where E is the amplitude, and T the duration of the pulse and using the theorem of

transformation of the packet, we find the train spectrum for the rectangular pulses

modulated by the ChIM-2 method

F(t) = f F6(w)" K(M) . eit dw Z n  I (Bn

-- n--

+sin(m 0 + nQ) T e . (8)

The 'filtering action' of the 6 function was used in determining (8).

In order to demonstrate the characteristic components of the spectrum, it is

required to expand expression (8), assuming the value m = 0 and taking the real part.

If the form of the pulse is selected arbitrarily with a spectral density K (W)

and amplitude E, , then clearly the expression for the frequency spectrum having

ChIM-2, will assume the form:
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n (t)"I " (=m 0 + nQi + ((mm) + nQ2) e "w0 + nt

%ro n=--

00
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